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Abstract. Completely integrable Hamiltonians submitted to a smooth perturbation are considered
in the high-energy limit. It is shown that certain perturbation series, when suitably truncated, keep
their validity even if the perturbation amplitude is much larger then the distance between levels.
This is related to the localization of the corresponding eigenfunctions in the space of quantum
numbers; such eigenstates are robust against level crossing. They are the natural analogues of
classical KAM tori. Moreover, the method can also be used in classically resonant regions.

1. Introduction

The theorem of Kolmogorov, Arnol’d and Moser (KAM) [2, 6, 11] was an unexpected
achievement in classical mechanics because simple perturbative methods do not allow one
to predict the motion of a system slightly departing from integrability. This problem of ‘small
divisors’ finds its origin in the existence of stochastic trajectories in the perturbed system. Such
trajectories exist, however small the perturbation is, so that there is always a dense region in
phase space which cannot be described by perturbative methods of any kind.

The situation is quite different in quantum mechanics, since conventional perturbation
theory can always be used if the perturbation is small enought; in this sense there is no need
for an improved perturbation scheme, like Newton’s method in KAM theory. On the other hand,
perturbation series cease to converge when the distance between energy levels becomes smaller
than the amplitude of the perturbation; now the spacing between levels usually decreases
as some inverse power of the energy, which leads to the somewhat paradoxical situation
that perturbation theory fails when the perturbation is comparatively the smallest. However,
this new problem of small divisors, of a purely quantum origin¥, should not preclude us
from applying the correspondence principle to the perturbed Hamiltonian. According to this
principle, and by virtue of KAM theory, it should be possible to describe a large fraction of the
perturbed eigenstates by conventional perturbative methods. Equivalently, most eigenstates
should remain localized in the lattice of quantum numbers; superposition of several states of
this kind would occur only if their energies differ by an amount smaller than their coupling,
which is exponentially small.

Of course, there should also exist eigenstates which are more sensitive to the perturbation.
However, unlike classical resonant tori, these states should not manifest their ‘resonant’
character when the perturbation is infinitesimal; this is in accordance with the intuitive idea
that quantum eigenstates represent a finite volume of classical phase space.

T In quantum mechanics, the effect of classical resonances is strongly attenuated by the curvature of the energy

surface.
% Superposition of states close in energy can be interpreted as a consequence of the tunnel effect.
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One is therefore led to the conjecture that, for a given perturbation of arbitrary (but
sufficiently large) amplitude, two distinct class of eigenstates manifest themselves as the energy
is increased: the first and broader class contains eigenstates that are increasingly localized
around some point in the lattice of quantum numbers. The second class, by analogy with the
classical resonant zones, escapes from perturbative methods at all energies.

A natural approach to this problem consists in constructing semi-classical wavefunctions
from quantized KAM tori [4,8,9]. Arnol’d [3] called such wavefunctions quasi-modes, because
they do not always approximate a true eigenstate. These functions indeed satisfy the stationary
Schrodinger equation up to an error € proportional to some power of 71 (depending on the order
of the semi-classical approximation); they may therefore represent a superposition of several
eigenstates whose energies lie within an interval of width €.

In the present work, however, we shall focus on the quantum perturbation problem,
avoiding both the intricacies of the semi-classical quantization method and KAM perturbation
techniques. An elementary method of truncation of the perturbation series is presented,
yielding quasi-modes with an error decreasing exponentially with the energy. At high energies
this error is much smaller than the average distance between levels, so that most quasi-modes
are close to the actual eigenstates. Moreover, this method extends to the most common class
of resonance. In some cases it can therefore be used to completely describe the perturbed
spectrum.

Our approach is based upon the study of localization properties of eigenstates in the lattice
of quantum numbers; this point of view was inspired by the work of Altshuler and Levitov [1]
on the scattering of a free particle by a singular periodic potential (the attention of these authors
is drawn towards critical states). The spectacular failure of perturbation theory for energy levels
corresponding to resonant tori, observed by Kunz and Rezakhanlou in the case of magnetic
billards [13], served also as a motivation for this work. In particular, Kunz [7] suggested to
look for an analogue of KAM theory in quantum mechanics in the form of a global perturbation
theory. Finally, we mention the paper of Percival [12] in which the existence of a regular and
an irregular spectrum is conjectured for mixed systems at high energies, on the basis of the
correspondence principle.

After this work was completed, the results of Feldman er al [5] were brought to my
knowledge; these authors studied in detail the Bloch spectrum of a particle on a two- or three-
dimensional periodic potential. They proved the existence of a stable and an unstable spectrum,
the former consisting of pairs of levels that do not cross any other level under the effect of the
perturbation. For generic periods of the potential, the stable spectrum is a subset of the density
one; in other words, the problem of small divisors affects only a small part of the spectrum.
This remarkable result depends on the dimension of the system and the symmetry of the matrix
elements of the perturbation. In a sense, the robust and resonant spectra defined in this paper
generalize their analysis to cases where small divisors cannot be avoided.

2. Smooth perturbations of quantum integrable systems

2.1. Definitions

As explained in the introduction, the aim of this paper is to investigate the properties at high
energies of an integrable Hamiltonian submitted to a smooth perturbation. This sentence can be
given a precise meaning in classical mechanics, but this is not so easy in quantum mechanics;
our approach is therefore based on the examination of a few motivating examples (see section4),
from which generic features can be recognized. Rather than starting with examples, we shall,
however, try to formulate our definitions and results in a general form and then come back to
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examples. It should therefore be emphasized that the following definitions only synthesize the
main properties of the examples; they are by no means an attempt to characterize all quantum
integrable systems, for which no equivalent of the Liouville—Arnol’d theorem is known.

The quantum systems we have in mind in this paper consist in a single, spinless particle
submitted to some external field, so that the corresponding classical system is unambiguously
defined and consists in an integrable part plus some perturbation.

Our object of study is thus an Hamiltonian H = Hy + V with discrete spectrum, where
H, is integrable and V is a smooth perturbation. We shall explain now what we mean by this.

Let v be the dimension of the configuration space; Hj is an integrable Hamiltonian of
dimension v if there exists a complete set of compatible observables A,, ..., A, with discrete
spectrum, such that [A;, A;] = 0, [A;, Hy] = 0. Now such a definition is not very helpful,
since the lack of a quantum Liouville-Arnol’d theorem leaves us without powerful tools such
as invariant tori and action-angle coordinates. We must therefore fill this gap with a set of
minimal assumptions, that seem reasonable when concrete examples are considered. The
description of integrable systems we shall adopt is based on the notion of a lattice of quantum
numbers: the smoothness of the perturbation will be defined with respect to this lattice. But
since the existence and properties of this lattice are guaranteed by no theorem, one must be
flexible when trying to characterize it; the right attitude would be to construct explicitly such
a lattice for a given Hamiltonian (it is not unique in general) and then check that it has the
good properties. This may be a hard task in many casesf; note however that the difficulty to
construct and analyse explicit integrable Hamiltonians exists in classical mechanics as well.

We now explain what the lattice of quantum numbers is. The eigenstates of Hy can
be labelled in a variety of ways; for instance, if the integer n; labels the eigenvalues

© < Ap < Aps1r < ---0of A, i = 2,...,v, and n; labels the energy levels in each
subspace defined by a fixed value of ny, ..., n,, then n = (ny, ..., n,) labels the eigenstates
of Hy (assuming there are no further degeneracies). Let A C Z" be the union of all vectors
n; we call A the lattice of quantum numbers defined by Hy. We immediately note that this
definition is not always optimal; for instance if p;, p, are two commuting operators with
discrete spectrum and Hy = pf + p%, it is simpler (because of degeneracies) to use directly
the eigenvalues of p;, p, rather than the construction above. Finding the good definition of
A therefore depends on the explicit form of Hy; in what follows we shall assume that A has
been chosen so that n bears some resemblance to a vector of quantized actions defined by the
corresponding classical Hamiltonian Hgl. In this case the matrix elements of a perturbation
V can be interpreted, in the semi-classical limit, as Fourier coefficients of VI, @), where
(I, @) are the action-angle variables defined by HSI(I ). For technical convenience, we shall
also assume that the volume of the unit cell in A, as well as the norm of the shortest vector in
the lattice, 1s >1.

In classical mechanics, KAM theorem applies only if the perturbation V! is a smooth
function of (I, 8). From a quantum standpoint, it is reasonable to define a smooth perturba-
tion V as an operator whose matrix elements decrease exponentially with the distance between
lattice points in A. More precisely, we assume the existence of two positive functions Vo(n),
& (n) such that for all m, m € A

l(n|V|m)| < Vo(n)e @™In—ml N

(we use Dirac’s bra-ket notation for states and scalar products throughout the paper). The im-
portant point is that the lattice A allows for the definition of a distance between eigenstates of Hy
(the Euclidean distance in R"); this distance leads in turn to the notion of a smooth perturbation.

T For example, the study of a particle in a disc involves a deep understanding of the asymptotic behaviour of Bessel
functions.
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The lattice A must possess another important property: the energy E,, = (n|Hy|n) must
depend smoothly on n (at least for large quantum numbers). By this we mean that it must
be possible to expand E, . in a Taylor series in terms of k, so that the first few terms give
an accurate approximation for substantially large k. This requirement is essential for defining
robust states and resonant gaps (see next section). Again, only explicit examples can tell to
what extent this requirement is fulfilled. Simple counter-examples can be found if, for instance,
the dimension of A is smaller than v.

We conclude this section by defining some auxiliary functions that will be used throughout
this paper. Observe that in many cases A is not truly a lattice, i.e., A is only a subset of the
‘full’ lattice A, generated by all vectors n. The following functions depend only on A, and
on the variable o:

Ci(a) = Z e 2
neA,

Coe) = Y e eIl 3)
neA,

Ci(a) = I:nli)é <Z Z eajmn) 4)

j=20neA.,n-m<0

C4(Ol) — m>a())( <ear/2 Z e—(xn) (5)
rz Inl>r
1202 4 2v+4
Cs(@) = (%) . ©)

Notice that all these functions are bounded from above by some power of «.

2.2. Resonant gaps and robust states

The basic technique we shall use to avoid small divisors is to restrict the perturbation series
to a finite region of the lattice of quantum numbers. The smoothness of the perturbation will
then imply that the perturbative state is exponentially localized in this region: this is enough
to insure that the approximation is accurate. We therefore now examine the local properties
of the lattice A.

Suppose that we are given two functions of the quantum numbers R(n), §;(n) (typically
increasing as some power of the energy) with the following property: for all n’ such that
|n’ — n| < R(n), R(n) < 2R(n). For any couple {m, —m} C A, we define a resonant gap
Gm

Gm ={neA:m<4R(n) and min | Enin — En| < 25,(n)). 7

We say that n is a robust state if the ball
By ={n' e A:|n—n/| < R(n)} (8)

has an empty intersection with all resonant gaps. These definitions correspond qualitatively
to their classical analogues: a quantum resonant gap G, is created when two lattice points n,
n +m are almost tangent to the energy surface, so that m - 9, E ~ 0. If we interpret quantum
numbers as quantized classical actions, this tangency condition exactly corresponds to the
resonance condition for classical tori. In this analogy, robust states correspond to quantized
KAM tori. Moreover, since |9, E| usually grows as some power of E, resonant gaps (when
suitably defined) fill only a small fraction of the space of quantum numbers. This fact, which
rests on the assumption that E,, is a smooth function of n, is at the basis of the present work.
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Since most difficulties in the analysis are related to resonant gaps, it is necessary to describe
their structure in more detail. Let m be a primitive vector in the lattice; it is convenient to
define a maximal resonant gap as

G = Gim: ©)

jezZ

Now consider a subset €2 of the maximal gap G,,, of diameter smaller than R, having an
empty intersection with all other resonant gaps. In this region, the local structure of A can
be described as the product of a one-dimensional ‘resonant’ lattice and a (v — 1)-dimensional
‘robust quasi-lattice’ f. More precisely, we can define resonant chains

C,={s€Q:s=n+jm, jinteger} (10)
and write
Q=] (11)
’nEQ[)

where € is a set defined so that two points in €2y never belong to the same chain; we call n
the centre of the chain and m the resonant vector. Since all chains in €2 intersect no other
gap than G,,, their spectra do not overlap; more precisely, the distance between two levels
belonging to different chains is >25;.

Chains can be continued until they reach robust points. In the following, the centre will
be defined as the point of minimal energy in the chain (assuming that the energy surface is
convex). For each resonant chain C,,, we also define a function «,, (x) as follows: if | jm| > x
then |Ey, ; — En j—1] > kn(x), where Ey, ; = Epijm.

The analysis of resonant gaps is simplified if we take into account the following fact: if
the curvature of the energy surface varies sufficiently slowly, then the spectrum of a resonant
chain is close to the spectrum of a free particle on a circle. This lead us to make the following
hypothesis about Hy (assumed to be valid throughout sections 3.3 and 3.4).

Curvature assumptions. Let Ey, J be two constants depending on the integrable Hamiltonian
Hj only. For any chain C,, of resonant vector m such that E,, > E, the following conditions
hold:

HIfj>Jandj>j>0(rj<—Jandj < j <O0)thenE,; — E, j > 0.

(2) If j > J and j' < O then |E,, ; — E,, | is minimal when |j + j'| < 1.

(3) If |j| > J,then |Ey, j — En| < 2|jlen(m(|j| —2)).

These assumptions are related to the almost constancy of the curvature through the following

argument: if we expand the energy En.;m = Ey ; in a Taylor series, discarding terms of third
and higher order, we have

Enj=En+jm-0,E+L1j°m' -2 E-m+---. (12)

Since n is the centre of the chain, the energy surface is almost tangent to m at n; geometrical
arguments show indeed that there is usually a lattice point n» such that

2
00 E - m| < —— |, E]| (13)
2p

+ This decomposition can be thought of as a quantum counterpart to the foliation of the classical resonant torus by a
one-parameter family of invariant tori.
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where p is the radius of curvature of the curve defined as the intersection of the energy surface
with the plane spanned by 9,, E and m. On the other hand, if 9, E - m = 0 then

2

P m
m -0, FE-m=|0,E|— (14)

0

so that usually
|m - 9,E| < im' - 32E - m. (15)

Since the quadratic term is always dominant, the spacing between levels in the chain increases
(linearly) with | j|. Actually, two levels can be close to each other, but they correspond in this
case to nearly opposite sites (for instance j and —j).

3. Quasi-modes

The simplest strategy to avoid small divisors in the perturbation series is to eliminate the
corresponding terms by a suitable truncation; the resulting approximation is accurate enough
if it satisfies the stationary Schrodinger equation up to an error much smaller than the average
distance between levels (quasi-mode). The description of integrable systems sketched in
the previous section suggests that such an approximation can be obtained by considering a
finite region in the lattice of quantum numbers and diagonalizing the corresponding (finite
dimensional) Hamiltonian; the accuracy of the resulting approximation is then directly related
to its localization in the lattice.

This section is organized as follows: we first give a precise definition of quasi-modes
and then explain why they provide really accurate approximations of the true eigenstates.
Then we construct quasi-modes in the simplest case, i.e. quasi-modes localized around robust
lattice points; the corresponding exact states are the natural analogues of KAM tori in classical
mechanics. Finally, we apply the same method to single resonances: the construction is not
limited to the neighbourhood of robust points, but it ultimately depends on the localization of
the approximation.

The localization lemma given in the appendix is the main technical tool used in this section.

3.1. Definition and properties

Consider an integrable Hamiltonian H, of dimension v and a smooth perturbation V. Let B,
be a ball of radius r in the lattice A of quantum numbers; we write H,, V, the restrictions of
H = Hy+ V, V to the subspace spannned by states in B, and we define

o = mina(s) (16)
SEB,

Vo = max Vp(s). (17)
S€EB,

We say that |g) is a quasi-mode of the Hamiltonian H = Hy+V if |¢) is anormalized eigenstate
of H, and if there exists a function Cy(«), bounded from above by some power of «, such that
foranym € A, n ¢ B,

l{g|VIn)| < CoVoexp (—Ot <%7 +dn)> (18)

where d,, = dist(n, B,).
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Quasi-modes have the following simple property:

2
((H = H)lg)> = | ) In)(n|V]g)
n¢B,
< Cgvge—aﬁ/4 Z e—2ad"
n¢B,
22 1 4
< constant x CjVj (1 +0 <—>) e VT
o ar
=€V, a,r) (19)
therefore, if H,|q) = E,;|q)
I(H — Eplg)|* <e. (20)

Thus if € is small, quasi-modes are almost solutions of the stationary Schrodinger equation.
Our definition of quasi-modes is indeed meaningful if o4/7 grows as some power of the energy:
in this case € decreases exponentially with some power of E.

The usual definition of quasi-modes [4, 8,9] is based upon semi-classical approximations
and yields an error € proportional to some power of 71. In our case, the interesting point is the
exponential decrease of €: if €!/4 becomes much smaller than the average distance between
energy levels, then most quasi-modes can be considered as very good approximations of the
exact eigenstatesf. Let E, be the quasi-energy associated with a quasi-mode g; let us write
|1) the exact eigenstates of H, with eigenvalues E;. We can expand

lq) =D elh). 1)
A

But we have seen that

(Eq — EDIg)* =) e P 1Eg — E; | <€ 22)
A

so that

2 2
€= Y |allE, - El
|Eg—Ex>> /€

>Vve Y el =Velg—ql (23)

|Eq—E*2 /€

where g, is the projection of ¢ on the subspace |E; — E,|* < /€. We have thus proved
that |g — g.|> < /€, |ge|*> > 1 — (/€. In particular, there exists an eigenvalue E; such that
|E;, — E,| < €"/*andif itis unique, then |g.) o< |A). If there are several such eigenvalues, then
of course the quasi-mode does not necessarily represent an eigenstate, but a linear superposition
of almost degenerate eigenstates.

It is interesting to consider quasi-modes in a continuous range of perturbation amplitudes
0 < Vo < Vp: it is only when the quasi-energy E, belongs to a cluster of exponentially
close eigenvalues that the quasi-mode g represents a mixing of the corresponding eigenstates;
otherwise, ¢ itself is (with exponential accuracy) an eigenstate. Now the formation of such
clusters (for a given eigenvalue) occurs only at certain values of V. Moreover, quasi-modes and
quasi-energies keep their identity before and after this ‘collision’ of levels. In other words, this

1 Itis assumed in our reasoning that the level spacing distribution of the perturbed system is smooth. This distribution
is unsmooth, for instance, for a free particle in a square box; it would be interesting to know if such large degeneracies
can also occur in mixed systems.
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Figure 1. Robustness of quasi-modes against level crossing.

approximation method can be applied well beyond the range of validity of usual perturbation
theory, namely before and after the crossing of levelst.

Of course, this raises the question of the significance of quasi-modes under an adiabatic
change of V. We start with V) = 0 and slowly increase the amplitude Vjy. The initial state of
the system is the eigenstate |n). Assume that the timescale T of the adiabatic change satisfies
I/AE < T < 1/e, where AE is the average distance between levels and € is roughly
proportional to the coupling between quasi-modes. As we shall see in the next section, a
quasi-mode |g) can often be associated to an eigenstate |n) of Hp; standard arguments imply
then that the adiabatic evolution of |n) is given by the corresponding quasi-mode |g). This
is indeed obvious as long as the corresponding quasi-level E, meets no other energy level
(because 1/AE < T); on the other hand, if £, meets some other level, the system ‘jumps’
to stay on E, (see figure 1): this is because the time 7" is much smaller than the coupling 1/¢
(recall that remaining continuously on the same level would imply a complete change of the
physical state at every ‘avoided crossing’). The quantum number n can therefore be used to
label eigenstates even if many level crossings have already occurred.

3.2. KAM quasi-modes

These are the simplest quasi-modes to construct: it suffices to exploit the properties of robust
states. Recall that n € A is a robust state if it is possible to construct a ball B of radius R(n)
and centre n which does not intersect any resonant gap. Define

81 = min §(a). (24)

aGBR

If a, b € B, then |a — b| < 2R(n) < 4R(a) so that |E, — Ep| > 28;. In particular, there
is a gap 26; between E,, and any other level of Hy in Bg. If \70 <« 81, one can therefore
conclude from perturbation theory that the eigenstates of H (restriction of H to the ball By)
are exponentially localized around some lattice point; if this lattice point lies in the centre of
B, then the eigenstate is a quasi-mode.

The following theorem is a direct corollary of lemma 7 (where C4(c) has been replaced
by 1) and lemma 8 in the appendix.

T Strictly speaking, levels do not generically cross (unless they are completely decoupled) but a new set of eigenstates
temporarily forms, which removes the degeneracy.
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Theorem 1. Consider a ball By in the lattice A of radius R and centre n, and define

o = min(log4, min &(s)) (25)
SEBR
Vo = max Vo(s). (26)
seBg

Assume that for all s,s' € By, |Es — Eg| > 28 > 8Ci(a)Vy. Then to each s € Bg
corresponds an eigenstate |x) of Hg (restriction of H to Bg) exponentially localized around
s: forallt € Bg

13V,
|(x[t)] < T‘)e—“/zwt—sh 27)
Moreover,
E,—CiVy K E, <E;+C V. (28)

In particular, the eigenstate |q) localized around n is a quasi-mode: for all m ¢ By

4
gV Im)| < VoCs (1 + C—) e n+1/8VR) (29)

1
where d,, = dist(m, Bg).

We call |g) a KAM quasi-mode. It is worthy of note that the above estimates are obtained

with perturbative methods only7. If most lattice points are robust and &\/E grows as some
power of the energy, then this result is in a sense equivalent to KAM theorem: according to the
foregoing discussion, most quasi-modes can be seen as accurate approximations of the exact
modes, so that a large fraction of the perturbed eigenstates can be obtained with perturbative
methods. Moreover, the corresponding quantum numbers keep their significance, quite like
invariant tori in the classical system. We refer to section 4 for a more complete discussion of
KAM quasi-modes through concrete examples.

We stress here that the name KAM quasi-mode is not meant to imply any sophisticated
perturbative technique (only standard Rayleigh—Schrodinger theory is used in the present
work). In quantum mechanics indeed, the positiveness of the convergence radius of the
perturbation series has nothing to do with integrability; discreteness of the spectrum and
smallness of the perturbation are the important ingredients. Genuine quantum small divisors
come from global resonances, whereas the small divisors of KAM theory are related to local
tangency of the energy surface with the lattice of quantum numbers; this problem disappears
as soon as robust points are considered, whence the name of the corresponding quasi-modes.

3.3. Quasi-modes in single resonant gaps

Suppose that the functions Ié(n), 8 (n) defined in 2.2 are such that, above a certain energy,
resonant gaps fill only a small fraction of the space of quantum numbers. Then the
intersections of two or more gaps (with linearly independant resonant vectors) are included in
the neighbourhood of sets of codimension 2 and it is natural to consider a region intersected
by one maximal gap only. The aim of this section is to demonstrate how quasi-modes can be
constructed in such a region; unlike their KAM analogues, however, these quasi-modes cannot
be computed by treating V' as a perturbation.

Let B, be a ball of radius r in the lattice A, intersected by one maximal gap G, only. As
explained in 2.2, in such a ball the lattice can be described as a family of resonant chains whose

T There is a non-perturbative step in the application of lemma 7, namely the diagonalization of the Hamiltonian Hj;
however, this step is trivial in our case.
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spectra do not overlap. The exact spectrum of a chain depends of course on the integrable
system under consideration; however, the curvature assumptions of section 2.2 imply that the
distance between levels generally increases with the distance to the centre of the chain. These
characteristics of the spectrum are the key to the construction of quasi-modes. The smooth
perturbation V leads to the appearance of eigenstates delocalized in the centre of the chain;
however, this delocalization is limited by the increasing distance between levels in the chain:
when two neighbouring points become separated by an energy gap of the order of Vj, states
become localized.

We consider an integer jo > J and aball B, = {v € A : |[v — ng| < r} where the point
ny is the centre of a resonant chain Cy,, and E,,, > E,. We define

81 = min &; (v) (30)
veEB,

and we assume that B, intersects only one maximal resonant gap G, With2 jom <r < R (ny);
consequently, inside of B, |E, j — En /| = 261 if n # n’. In the following we set E,, = 0
and

82 = 3y (o — 2)m). €1y

Typically §; < &;; here we shall simply assume §, < §;/2.

Proposition 2. There exist
Jo—2<js<Jjo+2 —Jo—2<j-<—jo+2
and A > 0 such that:

(1) If j € [j-, J+]then Ey, ; € [0, Al
(2) If j ¢ [j-, J+] then Ey, ; > A +218,/10.

Moreover, if Eyn, j < Enx < Eny; are three consecutive levels of Cpy and Ey, ; ¢ [0, A],
then max(EnO,k — ETL[),j’ Eng,l — Eno,k) > 2182/10

Proof. Consider Ey,_ j,. According to the curvature assumptions of 2.2, the closest level E,,, ;
t0 Epy o J < 0,18 Ep _ji+e and € € {0, 1, —1}. Suppose that E,, _j . < Ej, j,; then
Eny—jore—1 > Enpg j, +218,/10, so that we can choose j, = jo, j- = —jo+€, A = Ey j4.
Similarly if Ey _jose = Ep, j,then jo = —jo+e+1, jo=jo—1,A=Ep ;.

Suppose now that max(Ey, x — Eng,j, Engi — Engx) < 218,/10. Then by definition of
8, jk < 0 and kI < 0. Therefore j and [ have the same sign; but E,, ; — E, ; < 218,/5,
which is a contradiction. This completes the proof. |

We give now localization conditions insuring that the eigenfunctions of the Hamiltonian
H, restricted to a ball B, in the lattice, are exponentially localized in B,. The subsequent
propositions are devoted to the proof of this fact; as we have explained, this proof rests entirely
on the existence of large gaps in the spectrum of Hj restricted to B,. Let us define

Vo = max Vy(s) (32)
sEB,
o = min(log4, miBnd(s)). (33)
seB,
In what remains of this section, the argument of the functions Cy, ..., Cs always takes the

above value of «.
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Localization conditions:

8
72 > max(20C}, 10C3, 60C,) (34)

0
8
Lo 100, @2r +2)V2 (35)
Vo

1 1

s jors (24— + . (36)
2m am  o’m?

We shall now demonstrate that the above conditions imply the existence of quasi-modes.
We want to diagonalize the Hamiltonian H, (restriction of H to B,); observe that, by the
Gerschgorin theorem, the levels of Hj are shifted by an amount less than C;Vy < §,/20,
so that many characteristics of the spectrum remain almost unchanged. In particular, there
remains a gap 28, around the enlarged interval

b = [—8,/20, A + 8,/20] 37)

and there are exactly j, — j_ + 1 levels of H, in b. Moreover, there remain gaps of width 36, /2
between the spectra of different chains, so that it is still meaningful to say that an eigenstate
of H, belongs to a chain C,,.

Proposition 3. Let H, be the restriction of the Hamiltonian H to the ball B,, and assume
that the first localization condition is satisfied (condition (34)). Let |x) be an eigenstate of
H, belonging to Cy,, but not to the energy interval b. Then |x) is exponentially localized
around one or two lattice points s, s' € Cy,. More precisely, s = ng + jm, s’ = ng + j'm,
JoJj ¢ l-.Jsl 1j+J'1 < land

7
[(x[t)]* < Eexp(—wr‘t) (38)
1

where t is any lattice point in B, and ry = dist ({s, s}, t).

Proof. It suffices to apply the localization lemma given in the appendix. By proposition 2
and the Gerschgorin theorem the state |x) can be associated with one or two lattice points
s, 8" € Cp, such that |E; — Eg| < 218,/10. We identify the subspaces A and B of lemma 7
with {s, s’} and B, respectively (we refer to the appendix for subsequent notations in this
proof). The energy levels of H; corresponding to the subspace A lie in an interval a of width
w; < 228,/10, separated by a gap 2w, = 2§, from all other levels of H; (proposition 2). It is
straightforward to verify that all conditions of the lemma are satisfied and that the contour y
surrounds E,. Moreover, we can replace C4 by 2. This completes the proof. g

Proposition 4. Let |z) be an eigenstate of H, belonging to the energy interval b, and assume
that the localization conditions are satisfied. Then |z) is exponentially localized in the ball
B, j». More precisely, for any lattice point t € B,\ B,

4C4 + 1
C

2
(z]t)]* < ( ) Jo® exp(—a\/re) (39)

where ry = dist(t, B, /).

Proof. We want to apply lemma 7 again (we refer to the appendix for subsequent notations).
We set A = B, >, B = B,. The diagonalization of H yields normalized eigenstates a;, a, . . .
belonging to A. We identify the interval a of lemma 7 with b, so that there are N eigenstates
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ai,...,ayinaand N = j, — j_ + 1 according to the Gerschgorin theorem. We also have
w; = A +52/10, wy = §s.
Let us first estimate the delocalization of ay, ..., ay in B,,;. We have
(s|Vla;) VoCy
|(sla;)| = | < (40)
Es - Eai |Es - Ea,-|
so thatif s ¢ C,,
NVyCq
> Mails)l < —— (41)
1<i<N 1

whereas if |s) = |[ng+ jm) and j ¢ [j_, ji]

NV,C
> Hails)] . (42)
I<i<N Enyj— A —=8/20

We can now estimate the sum

oy |y
y

E—-E,
where x, y are eigenstates of H; and E € y. Suppose first that x € B, ; in this case the sum
runs over lattice points v € B, \ B, ;. Defining C +. = Cp, N B\ B> we obtain

Z Z v|W|s (s|x)

veB, \B,/z SEB,/')

Zl(slx | Z el ts Yo Z Ze*“‘s vl

(43)

v%C’ vGC’ s
Vo Vo 11
<2C1r+2)"2 4220 < — + = 44
S35 1(r +2) 5, O <1673 44

where we have used the inequality

1/2
D slol < ( > 1) <(r+2)"2 (45)

SEB,/Z SEB;'/Z

Suppose now thatx = v € B, \ B,»; in this case the sumruns overay, az, ... and u € B,\B,»

(v|W]u) (v|Wla;)
I= >, E_E. IEEDIEDD F_E
u€B\B, ) u @4 €Cpy,i>N  a;¢Cpy  i<N i
=Io+11+12+12. (46)
Clearly Iy < 5;5. By proposition 3, for any s € B,
6C
> Mslal < = (47)
aiecno,i>N 1
so that
1
<6Cr,— < — 48
232 S0 @)
On the other hand

v, 1
I < cla—"(r +2)V? < — (49)
1
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using an inequality similar to (45). It remains to estimate /3. Using (41), (42), we obtain

WY el S s

I3 <
82 s€B,) I<i<N
< % <C1¥0Cl + N3/2ea(r/2(jo+2)m)> (50)
2 1

Vi NV, C ;
+—0< Z + Z i e—a(r/2—1m)> (51)
heie je<ien Enoj — A = 82/20

where £ is the integer part of r/2m. The term (50) is smaller than
consider for instance

e—a(r/2—jm)
NV,C < NVoC
o 2 Enyj — A —8,/20 SNy

jr<j<h 1<k<h—Jjs

2—10; to estimate term (51),

e—am(h—k—js)
kd,

_ NV,C e-amt

& ot h—j.—1

N 2 h—j 1
< — —vexp (—am——I* 1+—). (52)
20 \h — j, 2 am

It can be verified, using (36), that this last expression is smaller than %, sothat I3 < 2—10 + 2—10 = %.
We have thus proved that I < 1; lemma 7 can therefore be applied. To complete the proof, it

remains to observe that A < 10 y6,. U

The results of this section can be restated as follows.

Theorem 5. Assume that the localization conditions are satisfied. Let |q) be an eigenstate of
H, belonging to Cy,, N B.2; by this we mean

) Ly
~30 <E; < 20 +max(Eng n—1, Eng,—n+1)

where h is the integer part of r /2m. Then |q) is a quasi-mode: for any lattice point n ¢ B,

4C4+C1 + 1
{g|VIn)| < Vo%Cs exp (—oz (%7 +dn))
1

where d, = dist(n, B,).

Proof. By proposition 3 or 4, |g) is exponentially localized in B,,,. We can therefore apply
lemma 8 of the appendix. O

3.4. A complete determination of the perturbed spectrum

A particularly interesting situation arises when quasi-modes can be constructed around any
lattice point in a given energy interval e. In this case one might hope to obtain, with exponential
accuracy, the complete spectrum in the interval e; moreover, projectors over either single levels
or clusters of exponentially close levels might be expressed, with exponential accuracy, as sums
of projectors over quasi-modes. Since we have been able to construct quasi-modes in single
resonant gaps only, one has to assume that the energy interval e avoids all multiple resonant
gaps (intersection of two or more gaps with linearly independant resonant vectors); as we shall
see in a specific example (section 4.1), this is possible only if v = 2 or 3.
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Consider an energy interval e = [e, e;] (e; > Ej) and define

X={seA:Esce}. (53)
Assume that one can construct disjoint balls B,, ..., B, of radius ry, ..., r, so that
XCB,U---UB,. 54)

We write V,, the restriction of V to B,,. We would like to obtain an accurate estimate of the
eigenstates and eigenvalues of H = Hy+V in asubinterval ¢’ = [e; +w, ¢; — w] by computing
a limited number of quasi-modes only, i.e. by diagonalizing H,, , = Hy+ V, +---+ V..
To do so we need to demonstrate:

(1) that no eigenvalue of H,,
S Vrn)
(2) that each eigenstate of H,,

», outside of e can be shifted inside of & by W =V — (V,, +

yeeey

r, belonging to e is a quasi-mode.

.....

More precisely, for any eigenstate |x) of H,, _, , we define

yeeey

Te(W) =) [(x|W[y)| (55)
3
where the sum runs over the eigenstates of H,, . By the Gerschgorin theorem, to
demonstrate 1 it is enough to prove that
I, < w+dist(E,, e) (56)

for any eigenstate x such that E, ¢ e. Observe that this method opens the way for a perturbative
computation of the exact levels in the energy interval e’ (by treating W as a perturbation).
Before we carry out this program, we make the following assumption about Hy: let n
(En, > Ey) be the centre of a resonant chain with resonant vector m. Consider a ball B,
of centre ny and radius r > 10m and define s = ny & /m where / is the smallest integer
exceeding »/m. For any chain C,, of resonant vector m intersecting B,, we assume that

4r
I — sy 2?- (57

Roughly speaking, this assumption has the following geometrical meaning: the minimum
angle between m and the hypersurface m - 9, E = 0 is greater than some constant. Notice
that it implies |[n — ng| < 2r.

In the following theorem it is proved that, under appropriate circumstances, quasi-modes
yield a complete picture of the spectrum in the subinterval ¢’ = [e; + wy + wy, €2 — w; — wy].
Some preliminary definitions are necessary:

R = min R(s) (58)

1= min  §(s) (59)

s:dist(s,X)<R

Vo= max Vy(s) (60)
s:dist(s,X)<R
o = min(log4, min &(s)). (61)
s:dist(s,X)<R
In what remains of this section, the argument of Cy, ..., Cs5 always takes the above value of
o. We also assume that e; — e; < §;. See section 4 for an application of this theorem in two
and three dimensions.

Theorem 6. Assume that there exists an integer jo > J and a number r < R /4 such that the
following conditions are satisfied:
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(1) For any resonant chain C,, intersecting X.
kn(2r/5)
7 .

(2) Forany s € X we can construct a ball of centre s and radius 6r intersecting at most one
maximal resonant gap.
(3) For any resonant chain C,, such that dist(C,,, X) < r/10

kn(r/10) > 8C, V. (63)

e —e; < (62)

(4) Define
r
"= . 64
L T 22+ rara D) ©4)
For any centre n of a chain C,, C G, such that dist(n, X) < 3r and m < r', we can
define §;(n) = 5/21k,((jo — 2)m) < 81/2 so that jy, 6(n), &1, r satisfy the localization
conditions (34), (35) ((36) is automatically satisfied).

Then it is possible to construct disjoint balls B,,, ..., B, (ri > r'/4) with the property
dist(B,,, B;;) > ri +rj, so that each eigenstate of H,, .., belonging to the energy interval e
is a quasi-mode. Moreover, for any eigenstate |x) not belonging to e

(W) <w; +w, +dist(E,, e) (65)
where

w; = V(Ci + C5(5C4 + 1) +12C) (66)
and w, decreases exponentially with r:

wy = CyVo Y (2r; +2)" e/t

) v/2 ) v/2 @ Lo h
+max(2r; +2)"2C4 Vo ;ﬁ Qrj+2) exp( - (d(z, =3 )) 67)
(d(i, j) = dist(By,, By))).

Proof. Let us first describe the construction of the Hamiltonian H,, .. If s € X and s is
robust, then the distance between s and any other point in X is greater than R; we therefore
construct a ball Bg/4 of centre s and radius R/4 around any such point. If s is not robust,
then s belongs to some resonant chain C,, with resonant vector m (condition 2 insures that the
primitive vector m is unambiguously defined). Suppose first thatm < r’ and |s — n| > 2r/5;
by condition 1, the distance between s and any other point of X > 4r/5. We construct in this
case a ball B,,o of centre s and radius r/10. If |s — n| < 2r/5 then we construct a ball B, of
centre n and radius r. Finally, if m > r’, then we construct a ball B,/4 of centre s and radius
r’ /4. Tt is not difficult to convince oneself that the distance between any two balls is greater
than the sum of their radii.

Let us verify that any eigenstate of H,,, ., belonging to e is a quasi-mode. Consider first a
ball B,1p of centre s € C,,; forany chain C,, intersecting B,/19, wehave [n'—(nt(r/m)m)| >
4r/5 so that dist(n’, B,/19) > r/10. Now by condition 3, «, (r/10) > 8C;Vj so that the
minimum distance between levels in B, /19 > 8CV,. Therefore theorem 1 can be applied and
the only eigenstate in the ball belonging to e is a quasi-mode. The same is true, of course,
in balls B4 and B,;4. Consider then a ball B, constructed around the centre of a resonant
chain; using condition 4 and theorem 5, we see again that eigenstates in e are quasi-modes.
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Consider now an eigenstate |x) of H,, _, such that E, ¢ e. If |[x) = |v) and if the
distance between v and any ball is greater than half the radius of the ball, then

Le(W) = [(v|W[y)|
-

<C\Vo+ Z DO oeT ()|

i=1 yeB,, t

< C1Vo+CsVy Z(zri +2)V/2emri/4
i=1

< wy + ws. (68)
Suppose now that |x) either belongs to a ball B,, or |[x) = |v) and dist(v, B,,) < r;/2. For
each ball B,,, we define
W, = Vo, — V, (69)
where V5, is the restriction of V to a ball B,,, of radius 2r; concentric with B,,. We have
Le(W) S T (W = W) + T (W) (70)
and

To(W = W) =Y [(x|V = Vo, Iy)|

y
<D 2 D Ve ko)) [+ Y Y Voe P (x|w)|

J#i yeB,, vit t¢B,, ©

<2 +2)"2CuVy ;(yj +2)"exp (—% (d(i, i) - %))
+CyVo(2r; +2)"2eon/4
< wy. (71)
It remains to prove that
I'y(W,,) < wy +dist(Ey, e). (72)

To obtain accurate estimates, it is necessary to examine the localization properties of all the
eigenstates in a ball.

Consider first a ball B, constructed around the centre no of a resonant chain and denote
H, as the restriction of H to B,. Recall that, for each chain C,, intersecting B,, |n —ng| < 2r;
using condition 4 and proposition 2, we can therefore define an energy interval b,, for each
chain with the following properties: there are two gaps 2§, (n) around b,, in the spectrum of H,
and b,, contains at most 2 jy + 5 eigenvalues. Consider now an eigenstate |z) of H, belonging
to an interval b,,. We can use proposition 4 to demonstrate that |z) is exponentially localized
in a ball B,/>(n) of centre n and radius /2. More precisely, for any ¢ ¢ B,/>(n)

4Cy + 1
(zlt)] < é—lrz exp (—“2”) (73)

where r; = dist(¢, B./2(n)). Actually, we apply proposition 4 to the Hamiltonian H = Hy+V,,
where ﬁo is the restriction of Hy to the ball B;.(n) and V, is the restriction of V to
B, (ng) C Bs-(n) (proposition 4 remains valid if we replace B, by Bs,, as long as Bj,
intersects no other resonant gap than G,,; in our case this is true because, by hypothesis,
B3, (n) C Bs,(no)).
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_ If |z) belongs to C,, but not to b,, then again, applying proposition 3 to the Hamiltonian
H
ﬁ o o
el < T (exp (=5 ViE=s1) +exp (-5 ViE= o)) (74)
1
where s, s’ € C,, N B,(ng). A similar inequality holds when |z) is localized around one lattice
point only. Moreover, there is a bijection between such states (or pair of states) |z) and lattice
points (or pairs of points) s.
We have thus obtained bounds on the delocalization of eigenstates of H,.. We can now
compute I", (W,) for a ball B, constructed around the centre n( of a resonant chain. Suppose
first that |x) € B, (Ex ¢ e); if |x) ¢ Cy,, then

C(W,) < CVo@r+2)"? < % < dist(E,, e). (75)
If |x) € Cy, and E, ¢ by, we obtain, using (74)

(W) <2V7CVo < wy (76)
whereas if E, € by, |x) is a quasi-mode and (73) yields the rough estimate

Iy(W,) < V(5C4 +1)Cs < wy. a7
Suppose now that |x) = |s), where r < |s — ng| < 3r/2. In this case

T (W,) < CiVo+ D D [(tly) | Voe . (78)

YEB, teB,

If s ¢ Cy,, then
T (W,) < C1Vo+CiVo(2r +2)"2

8 1)
<M B G (e (79)
20 10
while if s € Cy,, (and for instance (s — ng) - m > 0)
Lo(W,) < CiVo+ Y |(tly)| Voe ™I, (80)
y.t

Consider first y € b,,; since |s, — n| > 4r/5 we obtain, using (73)

+ D Iy Vel
|sy—t|<r/5 r/5<|s.—t|<2r

2V 10 10
On the other hand, each state (or pair of states) y which does not belong to an interval b,, is
exponentially localized around one or two lattice points in B,, according to (74). Summing
over y and taking the maximal value with respect to r, we finally obtain
FX(W,) < C1 Vo + VOC5(5C4 + 1) + 12V()C2
< w. (82)

It remains to estimate Iy (W,,) for a ball Bg/4, Br/10 or B,;4. In every case, the minimum
distance between levels in the ball is larger than 8C; Vj, so that eigenstates of H,, _, are
exponentially localized around some lattice point in the ball (theorem 1). From this it is
readily deduced that

Cy(W) < VoCr +4VCr < wy (83)

where either |x) € B,, or |x) = |s) and 0 < dist(s, B,,) < r;/2. This completes the proof of
the theorem. O

< Vo(4Cys + Dr?exp (_Z L) + VoCsexp (—ﬂ) . (81)
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4. Examples

4.1. Free particle on a Euclidean torus

The configuration space of this system is a v-dimensional torus with Euclidean coordinates

0<x; <L;,i =1,...,v. The integrable Hamiltonian Hy is simply the kinetic energy
2 V92
p /] 0
Hy=—=—— —. 84
7 2m 2m = Bxiz e

This system is especially simple for several reasons. First of all, the semi-classical quantization
rules are exact and the actions
PrLi

Iy = k=1,...,v (85)
2
simply take integer values multiplied by 7. If we define the kth quantum number as
L L
ng = 2;1];; = L_11< X integer (86)

and

Y ( 2h )2 &)
" \L,vom

then E,, = eyn? and the energy surface is simply a sphere in the lattice A. Moreover, if
L, > Ly, k=1,...,v, then the norm of the shortest vector in the lattice and the volume of
the unit cell are > 1.

In the following, we shall consider a perturbation V depending analytically on the
coordinates x;; its matrix elements are then simply Fourier coefficients and the functions
\70, « take constant values V), «.

There are several possible definitions of resonant gaps; here we shall define 8;, R so as
to avoid intersections of v resonant gaps whose resonant vectors are linearly independant. We

set

, 120\

R(n) = - ( ) (88)

4 v

§1(n) = eoR(n) (89)
where C < 1. Now the resonant gap G, is included in the set

gm ={ne€A:4R(n) > mand | -n| < 2R(n) + 1} (90)
(where m = m/m). To see this, suppose that n ¢ g, and 4Ié(n) > m; then

|Epim — Enl/eo = 12In - m| —m?| > 2R(n), so that n ¢ G,,. We can therefore estimate
the fraction x of the energy surface occupied by resonant gaps: each set g, fills a volume
~Rn"~2 on the energy surface, so that
PV o, V—2

x < constant x T ~Cxk1 ©n
where the constant depends only on v. Moreover, the intersection of v gaps gm,, - .-, &m,
whose resonant vectors are linearly independant is always empty. Forif n € g, N--- N gm,,
we can choose 7 as an unit axis in the coordinate system and estimate the volume

g x e x ] < Gy myy 3
" m;
1< M
_ 2R+1
< V(4R)" ~C«l. (92)

n
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This is impossible, since the volume of the unit cell is > 1. This result has a simple corollary:
if v = 2, it is possible to choose C so that any ball of centre n and radius 2R(n) intersects at
most one resonant gap (cf condition 2 of theorem 6).

The function «,(x) defined in 2.2 is readily estimated, seeing that |n - m| < m?/2 for
any centre n of a chain with resonant vector m (because the set {u € R" : |u - m| < m?/2}
is a strip of width m)

2mxey = knp(x) = mxeg. (93)

Moreover, the curvature assumptions stated in 2.2 are verified. It is also easy to check that
condition (57) of 3.4 is satisfied.

We have seen that most lattice points are robust. By theorem 1, a KAM quasi-mode can
be constructed around any robust point of energy

Vo 2(14v)
E > constant x e, ( > . o4
€0
Moreover, the ratio
eV, a, R(n)) /average distance between levels 95)

decreases exponentially with some power of the energy; thus most KAM quasi-modes represent
true eigenstates.

Quasi-modes can also be constructed in a single resonant gap G,y if we define, for a given
amplitude V)

_ 21V,
o > 2+ 2 =2 max(20C1, 10C3, 60C2) (96)
]
I"éZ/v
_ 97
" T 31+ 10C, Vo o) ©7)
and if m < r’, where
’ : (98)

T T 20+ ra Tt ra )
Localization conditions (34)—(36) are then satisfied; it remains to choose an energy sufficiently
large so that ' > m.

In two dimensions, theorem 6 can be applied at all sufficiently large energies: we choose
an interval e of width |e; — e;| = epr/10 and e, large enough so that r > 80C;Vj/ep and
lwy + wy| < (ex — e1)/4. Quasi-modes thus provide a complete picture of the perturbed
spectrum beyond some energy threshold.

In higher dimensions it is impossible to approximate all eigenstates by quasi-modes,
because intersections of several resonant gaps become unavoidable. If v = 3 however, it is
possible to confine double resonant gaps to a small fraction of the energy spectrum; in the
remaining parts of the spectrum theorem 6 can be applied. Let us explain this point in more
detail. Define

g, ={n€A:4R (n) > mand | -n| <2R|(n) +1} (99)
where R” <« R'/%. As before, g/, contains the gap G/,, defined by the function 8| = eoR’. If
8 € gp,, N &, then there is a decomposition (not necessarily unique)

s=n+zm+zmy (21,22 € Z) (100)
with |n - m;| < ml2 /2,1 = 1,2. We call n a double centre and we select an unique double
centre for each sublattice generated by m, m,. Moreover, if s" € g, Ng,, and s — s’ isnot
a linear combination of m, m,, then

7% 1S 2R(s)+1. (101)

ls — sl
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To prove this, consider the set
K={ueR:|u-m;| <m?/2,i =12} (102)

When projected on the plane (m;, m;), K is a parallepiped of area greater than mm,.
Consequently, there always exists a pair of integers z;, z, suchthat s—z;m;—zomy, = n € K.
On the other hand, if |s- (s — 8')|/|s— §'| < 2R+1,then s € g,_y N &, N &, SO that s — 8’
must be a linear combination of m;, m,.

Lets =n+zmi+zym, € g;n] N g;nz where n is a double centre; it is not difficult to see
that |s — n| < constant x R’/@, where 6 is the angle between m; and m,. Now 6 > 1/R"
(consider the cell defined by the lattice vectors m, m, and v, where |v| ~ 1; the volume of
this cell is smaller than vmm,0 < R’?6 and is >1) so that

n”

|s> = n?| = |(s — n)* + 2(s — n)n| < constant x Ve < constant x R’S. (103)
We can now describe the contribution of a double resonant gap to the spectrum: to each
double centre n is associated a two-dimensional lattice generated by m, m, and included in
g;nl N g;nz. The corresponding energy levels belong to an interval of width ~e¢ R’® and there is
a gap 28, between intervals corresponding to different double centres. Therefore, since there
are ~R'?> double resonant gaps at a given energy, the fraction of the energy spectrum occupied
by them can be estimated as

R
“f «1. (104)

d

By choosing an energy interval e included in the complementary part of the spectrum, we
obtain a set X = {s : E; € e} which is sufficiently separated from double resonant gaps. It
becomes therefore possible to satisfy condition 2 of theorem 6.

4.2. A particle in a class of two-dimensional separable potentials

The discussion of the next example will be of a more qualitative nature. Consider the separable
Hamiltonian (in appropriate units)

v v 82
H = Hi = —_—— +X-K 105
2 M= ha 105
where K is a positive, even integer. If we numbern; = 0, 1, 2, ... the energy levels E,,, of H;,
then to each eigenstate of H corresponds a vector n = (ny,...,n,) C N” = A. In the limit
of large energies, the eigenfunctions of H; can be approximated by WKB wavefunctions
U, () > — i (/ d+”> (106)
L(x) >~ sin pdx+ —
hY p(x) x 4

where x; = +E,/¥ are the turning points and p(x) = v/ E, — xX. The semi-classical energy
E, is implicitely defined by the Bohr—Sommerfeld quantization rule

/ pdx = %(2;1 +1). (107)
The above expression of W, is only valid if p is real and p* > KxX~!; it can be replaced
by an Airy function when x is close to one of the turning points (the domains of validity of
these two approximations overlap at sufficiently large energies). W, decreases exponentially
outside of the classically accessible region.
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The semi-classical energy E, can be given a more explicit form
1/K

Xy E,
/ pdx=2/ VE, —xKdx
X 0

2E1/2+1/K 1
= —/ VKL =t de (108)
K 0
so that
E, = Ax(2n + 1)** (109)

where Ag depends only on K and X = K /(K +2). The normalization constant C,, can be
estimated as follows: in the interval [x| < 10~"/Xx, we have p/+/E, = 14 0.1; in this
interval the semi-classical approximation is of course valid, namely the wavelength p~' is

almost constant over distances equal to the wavelength itself, so that

CZ
1= | |v,)? > 107 VEx, —2. 110
/ |W | *JE (110)
Consider now a smooth perturbation
V(x) = fdk Vielk® (111)
where x = (xq, ..., x,) and assume that V;, < Vj exp(—pBk'/X). Thisrequirement is somewhat

stronger than analycity; as we shall see however, it yields an exponential decrease of the matrix
elements of V. For the sake of simplicity, we shall also assume that V (x) is exponentially
localized in a finite region around the origin (for instance, V = exp(—z?)). The matrix

elements of V are then readily estimated: if n;, m;,i = 1, ..., v are large enough, then
[{(n|V|m)| = ‘ / l_[ dx; Wy, (x) W), (xi) V()
1<i<y

C,, C,
~ l_[ dx,- dk, W

1<i<y mi

x $in(y/Ep, Xi + ¢n,) Sin(y/Epp. Xi + ¢, Vieli

—1/2K
< constant x <H E,, Em[> /dk|Vk| 1_[ Z
i i e€==%1
x8(ki + €/ En, + €/ En,)
—1/2K
< constant X <HE,,I,E,,,,.> wap(—,B‘Z(,/E,,i —\/Emi)

We would like to write

2

1/zx>

o |1/2X 1/2X
S (VE - VEY | =g St -y
= a(n)ln —mj. (112)
Suppose that the index i is such that fork =1, ..., v
In¥ —mX| > Inf —m}| (113)

and similarly, j is such that

Inj —mj| = |ng —mgl. (114)
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Clearly, it is enough to find a function @(n) satisfying
In¥ —mX MY > am)n; —m;|/v. (115)

L

The following notation will be convenient: we write f ~ g if f, g are two functions such that
ag < f < bg, where a, b are two constants. Suppose now that 2n > m. In this case

In* —m¥X| = nX! % In—m| ~n*"tn—m. (116)
On the other hand, if 2n < m

In* —mX| = m*|1 — m/m)X| ~m* ~m* ' n—m (117)
and similarly

In* —mX|VX ~m ~ |n—mj. (118)
Thus if i = j we have proved that

InX —mX|"/* > constant x nEX_I)/X|nj —mj]. (119)

Using similar arguments for i % j, we finally obtain
&(n) = constant x ( max ny) /K. (120)

We can also define

5 —1/(2+K)
Vo(n) = constant x Vo<1_[nk> (121)
k

so that
[(n|VIm)| < Vo(n)e dmin—m (122)

in accordance with our general definition of smooth perturbations.

It is obvious from these formulae that quasi-modes can easily be constructed when K is
large, since in this limit the system is very close to the example discussed in the preceding
section. We shall conclude our discussion by showing that KAM quasi-modes yield accurate
approximations of the exact eigenstates if K > 12 (in the two-dimensional case).

We shall henceforth consider the region n; < n;. KAM quasi-modes are good
approximations only if

a&(m)R'*(n) ~ ny /X R (123)
grows as some power of the energy. We choose therefore
R(n) ~ ng+4/K (124)

where § is some positive constant. On the other hand, the function 51 must grow with the
energy. This is possible only if, for any robust state and any |m| < 4R, the linear term
m - 0, E is dominant in the expansion

Epim —En=m-0,E+im' -0 E - m+-... (125)

Otherwise, the curvature of the energy surface determines the distribution of levels, which can
be very close to each other. Of course, |9, E| itself must grow, which implies K > 2. Using
Taylor expansion (125) and restricting ourselves to the region n; > 8R, we obtain

Ensm — En = m - 3, E + O(m*n*2). (126)
Therefore we can choose a constant C and define

gm =1{n € A:4R(n) > mand |m - 3,E| < 2Cn** 2R*(n)} (127)
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and
3 C xop
81(n) = Enl R°(n) (128)

so that the resonant gap G, is included in g,,. Notice that §; grows as some power of the
energy, so that KAM quasi-modes can be constructed around robust states. It remains to prove
that a large fraction of states in A are robust. The intersection of g,,, with the energy surface
is a curve whose length is approximately given by
2p ~ R?
P g5~ (129)
m|0, E| m
where p is the curvature of the energy surface. Consequently, the fraction of the energy surface
intersected by resonant gaps is bounded from above by
1 [*R? 12/K—1438
> .

— —mdm ~n
ny Jo m

(130)

This fraction is small if K > 12, and in this case most states are robust. The difficulties
encountered for K < 12 show how the construction of quasi-modes may fail in certain
situations.

5. Stochasticity in single resonant gaps

5.1. Weak stochasticity of the classical system

Quasi-modes in a single maximal gap G, are obtained by diagonalizing the restriction H, of
H = Hy + V to a ball B, of centre ng, where ng is the centre of a resonant chain; as noted
previously, the eigenstates of H, cannot be obtained by treating V as a perturbation (unless the
amplitude of V is smaller than the minimum distance between levels in the resonant chain).
This difficulty is not necessarily related to the appearance of stochastic trajectories around
classical resonant tori. If indeed chaotic zones fill only a very small fraction of the energy
surface, then the quantum system will not be seriously affected by this fine structure of phase
space; in this case the non-perturbative nature of quasi-modes can merely be related to the
formation of ‘islands’ of regular motion around the resonances.

Let us examine this question more closely in the case of a free particle on a two-dimensional
torus, submitted to a smooth perturbing potential V (x). We refer to the example discussed
in 4.1 for subsequent notations in this section. We choose L; = L, = L and we focus on a
resonance p; = 0.

Consider a Poincaré surface of section

Y ={(z,p):x2=0,H(z,p) = Hy+V = E} (131)

(x1, p1) are natural coordinates on ¥ and the Hamiltonian flow defines an area-preserving
map T : ¥ — X. The invariant curves of the unperturbed system are simply p; = constant.
When V' # 0, robust invariant curves are smoothly transformed into rotational KAM curves,
while a finite set of elliptic and hyperbolic fixed points appear instead of the resonant curve
p1 = 0. Around each elliptic point new KAM curves form (‘islands’); the region enclosed
between these islands and the rotational KAM curves closest to the resonance is called the
instability zone. This zone itself contains the stochastic layer, whose Lebesgue measure is yet
unknown. The stochastic behaviour of the classical system will presumably reflect on quantum
eigenstates if the volume 2 filled by the instability zones between p, and p, +8p, exceeds 7i%;
here 8p, = 2k /L is the minimal uncertainty on p, corresponding to a resonant chain Cq y,)
with resonant vector m = (1, 0).
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Lazutkin [10] has obtained an estimate of the width W; of the instability zone for the
standard map (around the main resonance)

Wy ~ %exp(—nz/«/%). (132)

The standard map is a one-parameter family of area-preserving maps S : (¢o, Iop) — (¢, I)
defined by

p=¢o+1

k 133
1=Io——Sil’127'[¢0. ( )
2
We can obtain a heuristic estimate of the volume 2 by bringing the Poincaré map T :
(x1(0), p1(0)) — (x1(7), p1(7)) into a form qualitatively similar to (133). The time t is
approximately given by mL/p, >~ L\/m/2E; if we introduce the coordinates

X1
¢ = T
T (134)
I =—
mL
then the map T becomes
dp=¢o+Ilo+---
Vot? (135)

I=Io—mf(¢o,10)+“'-

Identifying k = Vyt?/mL?* ~ V,/2E and returning to the variables (z, p), we obtain the
tentative estimate

L
Q~ W x =% x 8py x L2 = Weh LvV/mE. (136)
T

Introducing the quantum numbers n defined by (86), so that E = egn?, we can write the
condition Q > 7% as

3
”Tzoexp (—n2n /%) > 1. (137)

The solutions n of this inequality lie approximately in an interval

[V, A7 [V,
G |2 <n<C | 2log |22, (138)
€y €o €o

In such a region the construction of quasi-modes is clearly impossible, since Vi ~ eon? is much
larger than the distance between levels in any ball in the lattice. These qualitative arguments
suggest therefore that the lattice of quantum numbers is completely obliterated by instability
zones filling a volume ~7%" in phase space. The above estimate of the width of the instability
zone is of course quite debatable; nevertheless, our conclusion is consistent with the fact that
a new set of quantum numbers can be defined in single resonant gaps whenever quasi-modes
can be constructed (we shall return to this point in the next section). In this sense, quasi-modes
in single resonant gaps may be seen as resulting mainly from the quantization of islands of
stability.
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5.2. Irregularity of the quasi-modes

The considerations of the preceding section indicate that whenever quasi-modes can be
constructed in a single resonant gap, the corresponding classical system is only weakly
stochastic. It turns out indeed that quasi-modes can be computed perturbatively, starting from
a suitably chosen integrable Hamiltonian. However, as we shall see below, this is possible only
if the perturbation is not too strong; room is thus left for an interesting situation, in which quasi-
modes and quasi-energies still can be constructed, but escape from perturbative methods and
depend thereby in an intricate manner on the perturbing potential. This ‘irregular’ behaviour
may be thought of as a precursory mark of chaos.

In order to illustrate these remarks, we adopt an alternate point of view on resonances.
We decompose the perturbation V into a sum of two terms

V= Vtan + Vres (139)
where Vi, has non-zero matrix elements only in the direction tangent to m:
, (n|V|n) if (n—n')//m
<n|Vtan|n ) = . (140)
0 otherwise.

The classical analogue of this decomposition is readily obtained if we interpret n as a vector
of quantized actions and (n|V|n’) as the Fourier coefficient

Ve (n) (141)
in the series

VeI, 0) = Z VEl(De™?. (142)

keZzv

Here (I, 0) are action-angle variables in the phase space of the classical Hamiltonian Hg'l(I ).
We see that V! is a periodic function of 7 - 8. We can introduce new canonical coordinates
J’ ¢

J=1rm! o =M6 (143)

where M is a matrix of determinant 1 such that M,; = m;. In these coordinates it is obvious
that the Hamiltonian HSl = HS' + V. is integrable, since it does not depend on ¢, ..., ¢,.

However, all invariant tori of HZ are not obtainable by a smooth deformation of those of H',

since the implicit solution J;(¢1) of
Ho (@1, 01, Do, o L) = E (a1)

(J2, ..., J, are constants of the motion) has singular points on the resonant torus m - d IHg1 =0
(for V& infinitesimal). The islands of regular motion are obtained by a smooth deformation
of these newly created tori; the residual perturbation V.. is responsible for the appearance of
stochastic trajectories in the instability zones.

We can look for an equivalent picture in the quantum system. Instead of the observables

Ay, ..., A, commuting with Hy, we consider operators O, ..., O, corresponding to the
classical actions I, ..., I,

O; = ni|n)(n|. (145)
Clearly [0;, O;] = 0, [0O;, H)] = 0. It is then easy to construct operators P, ..., P,
(corresponding to J,, ..., J,) which commute with Hy,, = Hy + Vi,. We define

Py =Y M0, (146)
k
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and it is straightforward to verify that
(n|[Pj, Vanlln) = 0. (147)

Thus Hy,, is also integrable in the quantum mechanical sense. The corresponding space Aa
of quantum numbers can be constructed as follows: since Vi, can only mix states belonging to
the same resonant chain, there are v — 1 quantum numbers (corresponding to the eigenvalues
of P, ..., P,) determining the centre of each chain C,,, and one quantum number labelling
the energies in a chain. This number differs essentially from (n — np) - m (i.e. the coordinate
along the chain in A) when the states |ng + jm), j € Z, are strongly mixed by Vi,,; this
occurs only in a region surrounding the centre ny, whose width depends on the amplitude of
Vian. From an intuitive standpoint, this delocalization of eigenstates in the chain corresponds
to the existence of ‘bound states’ localized in the new tori created by Vi, along a resonance;
such ‘bound states’ can exist only if these islands are large enough.

If the amplitude of Vi, is large, then the matrix elements of V., do not decrease
exponentially in Ay, but form instead an intricate function of the quantum numbers (for
low-lying states in the chain). One can expect that this irregularity of V., will lead to quasi-
modes irregularily distributed along each resonant chain; similarly, energy levels will depend
on the perturbation in a complicated manner. However, this instability is greatly reduced by
the large gaps §; between resonant chains. It is therefore necessary to determine the amplitude
‘70 of V for which Vs no longer can be treated as a perturbation.

As an example, we consider a particle on the Euclidean torus 0 < x; < L,i =1,...,v,
submitted to a Gaussian potential well V (z) of width ~L/10 and depth ~V,,. We refer to
section 4.1 for notations and definitions. We select the resonant vector m = (1,0, ...,0)

and we restrict our attention, for the remainder of this section, to a ball B, of centre n in the
single resonant gap G, To being the centre of a resonant chain. The potential Vi, (x) is also
a Gaussian well of width ~L /10 and depth ~V,. To estimate the number N of ‘bound states’
localized in the x;-direction by the well Vi,,, we use the semi-classical approximation

nN ~f prdx; ~ LymVo (148)
class.traj.

N ~ /E. (149)
€o

We can give a qualitative picture of the eigenstates of Hipy,. They are labelled by quantum
numbers |n, i), where n is the centre of a resonant chain and i = 1, 2, ... numbers the levels
in the chain; the first N levels correspond to states ‘delocalized’ in the unperturbed chain (i.e.
|n, i) is a superposition of several states |[n + jm), j € Z, wheni < N). The state |n, N)
is delocalized on ~10 sites in the lattice A, while |n, 1) is delocalized on ~Q sites, where Q
can be estimated by developing Vi, (x1) around its minimum

so that

Vian (x1) ~ Vo (%)2 (150)

The ground state of the corresponding harmonic oscillator has an uncertainty Ap; ~
(v/mVoh/L)'/* on the momentum so that

Ap Vo 174
~—~|— . 151

Q hL-1 ( ) ) ( )
The spectrum of Hy,, has the following structure (recall that we consider only the subspace

spanned by the ball B,): to each chain corresponds a cluster of levels, separated by a distance
~e¢ from each other (for low-lying levels), and there are gaps ~§; around each cluster.
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The residual potential V.., cannot be treated perturbatively if the self-energy

1
Sing.iy (E) = Z(nO, ilvres|r>E_—Er<r|Vres|S> oo 1 Vies| o, ) (152)

7S, ..

is divergent. The above sum runs over eigenstates 7, s, ... # |ng, i) of Hy, and the energy
E belongs to a contour surrounding the level E\,,, ;. Observe that (x| Vie|y) # O only if x, y
belong to distinct chains.

We seek a situation in which quasi-modes can be constructed but escape from perturbative
methods; we shall therefore keep only the most divergent contributions to the sum (152). They
come from paths repeatedly visiting the chain Cy,;:

Slno,i) ~ Vo[] + V0]1]211 +---+ V()]] (Izll)n +--- (153)
where I, I, are abbreviations for two different kinds of sums
k[ ViesIn, j

I = Z (no, k| Vs, Jj) (154)

nme i E = Epmj)

<n7 ].|Vres|n0’ k)
I, = _— 155
> ; FEp o (155)

Expanding |ng, k) and |n, j) in the original lattice A, we obtain the estimates
Vi Vi
L ~-2J/NQ L~-2J/NQ (156)
81 €0

whence, using (149) and (151), the criterion for divergence

5 Vo 34
o <_0) , (157)
Vo €

Now the construction of quasi-modes is possible if
S S v/2 V. v/2
Lo il (—2> ~ (—°> (158)
V() €o €y

(see localization conditions (34)—(36)). Conditions (157) and (158) are clearly compatible in
two and three dimensions, for large values of V/eq.

6. Conclusion

When a perturbation shifts the energy levels by an amount much larger than the average
distance between levels, it is of course impossible to use perturbation theory in its usual form.
However, it might happen that eigenstates keep their identity before and after the crossing of
levels; in other words, these states are significantly coupled only when their energies are almost
degenerate. In an integrable system submitted to a smooth perturbation, most eigenstates have
this robustness property, which enables one to use perturbation theory well beyond its usual
validity range.

Our main tool in this paper has been the construction of ‘block Hamiltonians’, restricted
to some ball in the lattice of quantum numbers. The eigenstates of such operators, when
exponentially localized in a small subset of the ball, are accurate approximations of the true
eigenstates. In addition to KAM states, we have thus been able to find quasi-modes in single
resonant gaps. In some cases (mainly in two-dimensional systems), it is therefore possible to
obtain a precise picture of the perturbed system using quasi-modes only. The results presented
here show that such a spectrum is roughly made of two parts, superimposed on each other.
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One part is due to KAM quasi-modes and can be obtained by smoothly deforming the energy
surface and leaving the lattice of quantum numbers unchanged. The other part is due to
resonant quasi-modes and requires a separate study. Level repulsion should be manifest only
for exponentially close levels.

It should be emphasized that the above picture most likely concerns this part of the spectrum
which corresponds to weakly stochastic regions of phase space. The heuristic considerations of
section 5.1 suggest indeed that the lattice of quantum numbers is destroyed by instability zones
filling a volume in phase space larger than 72”. Stochasticity may nevertheless be announced
by irregular quasi-modes in resonant gaps, as argued in section 5.2.

The possibility of constructing quasi-modes at the intersection of several resonant gaps
is more difficult to establish; if one considers for instance resonant discs instead of resonant
chains (double resonance), the coupling between resonant discs induces further resonances
and the convergence of the perturbation series is hard to control. If such quasi-modes could
nevertheless be constructed, they would describe truly chaotic regions of the classical phase
space.
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Appendix. A localization lemma

Consider an integrable Hamiltonian Hy and a smooth perturbation V. Let A C B be two
subsets of the lattice of quantum numbers A, and assume that forallm € B,n’ € A

(n|V|n)| < Voe ] (159)

where exp(—«a) > 41'1' We write V4 the restriction of V to A and Hy = (Hy + Va)3,

Hy = (Hyp+V)p, W = (V —V,) g therestrictions of the corresponding operators to B. We shall
consider H; as the unperturbed Hamiltonian and determine the eigenstates of H, = H;+ W by

treating W as a perturbation. Let aj, as, . . . be the eigenstates of H; belonging to the subspace
A. Notice that, for all n € B\ A
I Wim)] < CiVoexp (~52) (160)

where r, = dist(A, n) and C4y = C4(«) (we shall omit in the following the argument « of the
functions Cy, ..., Cs).

Assumethatthe statesay, . . . , ay belong to a given energy interval a of width w, separated
by gaps 2w, from all other levels of H;. The following lemma shows that, under appropriate
circumstances, the eigenstates of H, belonging to a are exponentially localized in A.

Lemma 7. Assume that
L
S E—-E, 2
where x, y are eigenstates of H). Here E belongs to a contour y that surrounds the interval
a so that |E — E,| > w,. Assume further that
VoCi 1

< - 162
w»y 4 ( )

(161)
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Then ift € B\A

ey /dE(t|(E H))™ |) cexp( rt) (163)

wy 4C, + 1\ [ VoCi )2 N
c=(—+1 aN [ 1+2V,Ci— ). (164)
wo C wy wr

Proof. For any given pair r, s of eigenstates of H;, we define

where

(riWlx) (x|Wly)
Sis(E) = (r|W]s) + — - (Z|W 165
(E) = (rWls)+ > F_E E_E Wi (165)
XY, 27E Y
where x, y, ..., z are eigenstates of H; and the sum runs over paths of all lengths in B. Let
I'={a,...,an}; wedefine S,FS (E) with the additional restriction that no path visits I (except
at terminal points). Our aim is to compute the self—energy S (E). We have
1
Su=Sp+ > S50+ > Sy, Sara Sit (166)
1<i<N E— Ea: 1<i,j <N E—E, "E — Ea/ )

Let us estimate each term in this sum. If E € y it is straightforward, using (161), to obtain
the upper bounds

1S5 (E)| < 2V Cy (167)
IS (E)| < 2Vo (. (168)

This last inequality also holds when E lies inside of the contour y, because paths in S'. avoid
all states whose energy lies within y. The following inequality will also be useful:

Srv
Srs + - 169
Zj St ECE (169)
where &, is the Kronecker symbol and E € y.
Consider now the decomposition
Sl"t — SFm + Sl" m+ (170)

where S;_ +'~ contains only paths which terminate with less than (m + 1) consecutive steps in
B\ A. Each path in Stl:t"” terminates therefore with at least (/2 + 1) consecutive steps in B\ A.
A step in B\ A has a natural length, defined as follows: the length of astepn — n/is |n — n/|,
while the length of a step a; — n is r,,. Now any path in S; "'~ contains at least one step in
B\ A of length greater than r,/m. In other words, each term of the sum contains a factor

arg
[xIWs)] < CaVoexp (— o+ ) (171)
2m
where s € B\ A. We can therefore write, using (169)
— Ss
1Sat 1< Y 8aix+E I ‘|x|W|s>| st+E_—tEs

X,

ry

< 4CsVoexp (_‘;‘_m) . (172)
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Using (169) again, we also obtain

Sa (n1|Wny) (1| W)
SF,m+ § amn Wit
|Sg,¢"1 nZ y nZn oL ho, v
/ m—1
(n|W|n)
(Y| FE
V()C1 m—1
<V . (173)
wy
Thus if we choose
JRm % ¥l (174)
(assuming r; > 2) we finally have
S0 (E) < 180" (E)| + 1Sy, (E)|
< Vp(4Cy + 1) exp (—“*f) . (175)

The same bound is of course valid for |Stl;l_ (E)|.
We can now estimate the projection of |t) on the eigenstates of H, surrounded by y:

/dE(t|(E—H)*1|t) —fd—E
) ? = ), E—E,— Su(E)

dE See — S) dE
= / . +/ (Su = 2 : (176)
y E—E;— Sk ), (E— Ey— SH(E — Ey — Sy)

Consider the firstintegral of the sum. Inside the contour |E — E;| > w», |Str;| <2V Cp < wp/2
and S}, is analytic. The integrand is therefore analytic and the integral vanishes. In the second
integral we have, according to (166)—(168)

N N?
NENES w—2|S§,,t|2 +2V0C1— 15, (177)
2
r wy?
|(E — Et — Sy)(E — Ey — Sur)| > o (178)
so that finally
1
0 / dE(t|(E — Hy)7'[t) < cexp (—av/ry) (179)
y
where
wip + Wy N ) 2
c = u)23 AN {1+ 2V0C1w—2 VO (4C4 + 1) . (180)
The lemma is proved. ]

If A C B, C B, = B, where B,); and B, are two concentric balls of radii r/2 and r
respectively, then the above lemma implies that the eigenstates of H, belonging to the interval
a are quasi-modes. More generally, we have the following result.

Lemma 8. Consider two concentric balls B,;, C B, C B, of radii r/2 and r respectively.
Let H, be the restriction of H = Hy+ V to B, and assume that |q) is an eigenstate of H,
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exponentially localized in B, ), in other words, there exists a constant Cy such that for any
te Br\Br/Z

[{g18)]* < Cor* exp (—ay/re) (181)
where ry = dist(t, B,»). Then |q) is a quasi-mode: for alln ¢ B,
lgIVIn)| < v0(1+ C0> Cs exp <—a (d"+\/?7)) (182)

where d,, = dist(n, B,).

Proof. Let Bs,/4 be a ball of radius 37 /4 concentric with B,. We can write

lg|VIn)| < Z + Z Vol{glty et

teBs s te€B.\B3y4

< V0(2r)ve—ut(dn+r/4) + V0(2V)v+2 /Coe—ot(dn+l/2\/m)' (183)
Using the inequality
_x PNP
xPe™* (—) (x > 0) (184)
e
we obtain the result. O
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